An efficient scheme is proposed in this study to prepare four symmetric hyperentangled cluster states in the polarization degrees of freedom (DOF) and spatial DOF with a two-photon system. This system consists of two nitrogen-vacancy (NV) centers which are coupled to two microtoroidal resonators. The two-photon polarization-spatial hyperentangled cluster states can be generated with our system by virtue of the input and output process. Compared with previous works, our quantum circuit for preparing the hyperentangled cluster states is simple and economic. Moreover, our scheme works deterministically and does not need any extra qubits, making it applicable to existing technologies. Our calculations show that our scheme has high fidelity with current technology, which can help hyperentangled cluster states to play a very useful role in quantum communication networks with long distances and high capacity.
Introduction
Hyperentanglement is defined as the simultaneous entanglement in multiple degrees of freedom (DOF) and has been studied extensively in quantum information processing (QIP). In 2005, Ren et al. [1] completed Bell-states analysis using hyper-entanglement, and the generated two-photon wave function uses the Hermite-Gaussian modes. In 2007, Ren et al. [2] prepared the multi-degree and multi-dimensional GHZ state by using the entangled photon pairs. In the same year, Barbieri et al. [3] validated that the polarization Bell states exhibited deterministic and completed discrimination, this letter requires the adoption of standard single photon detectors. In 2008, Barreiro et al. [4] used the hyperentanglement with polarization-orbital-angular momentum, which solved the capacity restriction of the photonic superdense coding, the paper is the first to break the conventional linear-optics threshold. In 2010, Vallone et al. [5] demonstrated the hyperentangled cluster states with six qubits and two photons in three independent DOF. In 2011, a bidirectional and direct quantum communication protocol was proposed by using the hyperentanglement in the spatial DOF and the polarization DOF of the photon pairs; the hyperentanglement can be produced with a beta barium borate crystal [6] . In 2012, Zhao et al. [7] presented a scheme for quantum superdense coding with hyperentanglement, the important device in the scheme is the hyperentangled Bell-state analyzer in both polarization and frequency degrees of freedom. In 2013, Ren and Deng [8] presented the purification protocol of hyperentanglement for the first time in two DOFs. This protocol utilizes the nonlinear optics of a nitrogen-vacancy (NV) center in a diamond embedded in a photonic crystal cavity coupled to a waveguide. In 2014, Hong et al. [9] proposed a safe direct communication protocol by using entanglement swapping as well as hyperentanglement, this protocol provides a high channel capacity because it uses hyperentanglement. In 2015, Perumangatt et al. [10] presented a scheme to generate three-particle hyperentanglement utilizing polarization and orbital momentum of photons; this paper provides a possibility of a new entangled state and its application in a new teleportation method. In the same year, Liu and Zhang [11] presented two schemes to deterministically generate as well as nondestructively analyze the hyperentangled Bell states in polarization DOF and spatial DOF. In 2016, Li et al. [12] used the cross-Kerr nonlinearity to finish the maximally hyperentangled state analysis; the hyperentangled Bell state analysis scheme is for two photons, and the hyperentangled GHZ state analysis scheme is for three photons. In 2017, Deng et al. [13] summarized the development of hyperentanglement and its significant application in QIP. So far, there have been a few reports about the hyperentanglement cluster state by the NV center. Besides the photon system, people have paid attention to the NV center in diamond, and the NV center is one of the most proper candidates in QIP. The NV center has many excellent advantages, such as having a long decoherence time even at room temperature [14] , near unity quantum efficiency [15] [16] [17] [18] , fast microwave manipulation as well as narrow-band optical transitions [19] . Because NV centers are isolated from each other, people have worked to combine the NV centers with other systems [20] [21] [22] [23] . In particular, people have made many studies combining NV centers with solid-state cavity quantum electrodynamics (QED) systems [11, [24] [25] [26] [27] [28] [29] ]. In our system, a scheme for generating deterministically hyperentangled cluster states was proposed. Our system contains two NV centers which are coupled to two microtoroidal resonators (MTR) s through a quantized whispering-gallery mode (WGM) cavity QED system. Compared with previous works [11, [30] [31] [32] [33] , our scheme has many advantages. First, our system does not need the weak cross-Kerr nonlinearity and the homodyne detection, which remarkably weakens the experimental conditions of linear optical elements. Second, compared with the single-sided NV-cavity systems, there are no difficulties in obtaining the π phase shift. Third, due to the solid-state quantum system being easily extended, the scheme has very good scalability. Last, according to the calculation, our scheme exhibits a higher fidelity. Experimental realization of the scheme may open up promising future directions for quantum communication with long distance and high capacity of the two DOFs.
The structure of the paper falls into five sections. Section 2 discusses the NV-center system as well as the single-photon input-output process. In Section 3, we introduce the generation of hyperentangled cluster states. Applications and Conclusion are given Section 4 and Section 5,respectively. Figure 1a shows the NV center system in the presented schemes. According to [34] , the NV center contains a substitutional nitrogen atom together with a neighboring vacancy [11] . Figure 1b displays the NV center regarding its energy-level structure. An NV center exhibits a triplet ground state with 2.87 GHz zero-field splitting between levels |m s = 0 (denoted by |0 ) and |m s = ±1 (denoted by |± ) owing to the spin-spin interactions [34] . Without being affected by perturbation, e.g., affected by crystal strain or an external magnetic field, one of the six eigenstates of full Hamiltonian is [34] |A 2 = |E − |+ + |E + |− , where |E − and |E + are the orbital states.
Model and Hamiltonian
The NV center has a Λ-type three-level structure, and the excited state |A 2 exhibits equal decaying likelihood to the ground state |− through the left (L) circularly polarized photon and to |+ through the right (R) circularly polarized photon, respectively. The Heisenberg equations of motion for this system can be given by [35] 
whereâ is the annihilation operator exhibited by cavity. σ − and σ z (t) are the lowing operator and inversion operator exhibited by NV center, respectively. ω c , ω p , and ω 0 are the frequencies of the cavity, photon, and the NV center, respectively. g stands for the coupling efficiency between the cavity and the NV center. γ is the decay rate of NV center. κ c is the damping rate of cavity. κ s stands for the side leakage efficiency exhibited by cavity.â in (t) is the input operator of cavity andâ out is the output operator of the cavity. Being weakly excited, the reflection coefficient of the NV center confined in the cavity can be written as [28, 36] r ω p =â
With the NV center not being coupled to cavity, i.e., g = 0, the reflection coefficient r 0 (ω) can be written as
When the cavity is resonant with the NV center and the photon, i.e., ω 0 = ω c = ω p , then
Therefore, the below equations display how the input photon changes [28, 29] |R |+ → r |R |+ , |R |− → r 0 |R |− ,
Under resonant condition ω 0 = ω c = ω p , when κ s κ c and 4g 2 κ c γ, r ω p 1, r 0 ω p = −1.
Then Equation (5) becomes [11, 28, 29] |R |+ → |R |+ , |R |− → − |R |− ,
Generation of Photonic Hyperentangled Cluster States
In this section, we will use the hybrid quantum system to show the generation of polarization-spatial hyperentangled cluster states with two photons, the equation of which in polarization DOF and spatial DOF is shown below.
where σ 2 z = |L 2 L| − |R 2 R| and σ b z = |b 2 b 2 | − |b 1 b 1 | are the Pauli operators. |R 1 and |L 1 (|R 2 and |L 2 ) are the right-and left-circular polarization of the photon a (b). a 1 and a 2 (b 1 and b 2 ) stand for distinct spatial modes of the photon a (b). The subscript p denotes the polarization DOF and s denotes the spatial DOF. a and b stand for two photons of hyperentangled cluster states. The below equations express the cluster states in polarization DOF
The below equations express the cluster states in spatial DOF
so there are sixteen hyperentangled cluster states by combining the cluster states in polarization DOF with the cluster states in spatial DOF. The system of our scheme is shown in Figure 2 , which is applied to generating the hyperentangled cluster states with two photons. The SW (switch) in Figure 2 plays an optical switch and the BS (beam splitter) is 50:50. The three BS s can realize the following transformations: In the following, we show how to realize the two-photon hyperentangled cluster states by the following six steps.
Step (i): We first prepare the NV 1 and NV 2 in superposition state |φ
, and prepare the two photons a and b in the superposition states |ϕ a = 1 √ 2
. Therefore, the initial state is
Step (ii): Then we send the photons a and b to the system (Figure 2) , photons a and b present a time interval, which is shorter than the spin coherence time of photons. The photons a and b first pass through a circular polarizing beam splitter (PBS) successively, then the PBS splits the photon a (b) into two parts, photon a (b) in the state |L 1 (|L 2 ) is partially transmitted to the path a 1 (b 1 ), and partially reflected to the path a 2 (b 2 ). When the photon a passes through PBS 1 and photon b passes through PBS 2 , the initial state |Ψ 0 involves into
Step (iii): Then the photon a passes through MTR, we apply a SW to the awaiting photon b. When part of the two photons in the state |R 1 and |R 2 interacts with the NV 1 subsequently, the state |Ψ 1 involves into
Step (iv): The wave packets coming from spatial modes a 1 and a 2 are then mixed at the first beam splitter (BS 1 ), and the wave packets coming from spatial modes b 1 and b 2 are mixed at the BS 2 . The half-wave plate (HWP) can be applied to stabilizing the polarization states of the two photons. When photons a and b pass through two BS s and four HWP s , the state |Ψ 2 involves into
Step (v): When photons a and b interact with NV 2 , they can see entanglement with NV 2 . The state |Ψ 3 can be changed into
Here, |φ −
Step (vi): Then the photon b passes through the quarter-wave plate (QWP) 1 , QWP 2 and BS 3 . The wave packets coming from spatial modes d 1 and d 2 are mixed at BS 3 . The QWP is carried out to implement the Hadamard operation on photon b, that is,
(|R 2 − |L 2 ). The state |Ψ 4 can be changed into
From Equation (17), when photons a and b pass through all elements of this system, we can divide the hyperentangled cluster states into two groups, considering the state of NV 1 (NV 2 ) under the measurement of the state {|φ + 1 , |φ − 1 } ({|φ + 2 , |φ − 2 }). Table 1 displays the measuring results. In Table 1 , there are four different hyperentangled cluster states corresponding to various combined states of two NV centers. If we implement a Hadamard operation on the two NV centers, then the states 1 (|− − |+ ) can be rotated to |+ and |− [25] . Therefore, the measurement of two NV centers can help us to get the hyperentangled cluster states. 
Applications
Here, the scheme will exhibit a fidelity of 100% while neglecting the side leakage of cavity. Taking the side leakage of cavity into account, the change of the reflected single photon can be found with Equation (5) . We define the fidelity for generating the hyperentangled cluster states as F = | ψ f |ψ | 2 [11] . Here, |ψ f represents the ultimate state under practical conditions, and |ψ represents the ultimate state under ideal conditions. By calculation, we find that the sixteen hyperentangled cluster states have the same parity conditions. Then, we can plot the fidelity of the sixteen hyperentangled cluster states in Figure 3 . From Figure 3 , we can see that when the parameter g 2 /κ c γ is 2.25, the fidelities for the sixteen hyperentangled cluster states are 97.58% (κ s /κ c = 0), 98.7% (κ s /κ c = 0.03), and 99.49% (κ s /κ c = 0.06). With the parameter g 2 /κ c γ over 4, the fidelity will exceed 99.22% for the three leakage rates. That is to say, the higher fidelities are decided by higher ratio of the NV-cavity coupling strength and decay rates exhibited by NV center, damping the rate of cavity. In practical experiments, we consider the realistic parameters, e.g., g = 2π × 0.3 GHz [37] , κ c = 2π × 26 GHz [38] , γ = 2π × 0.0004 GHz [38] , then we have g 2 /κ c γ ≈ 9. The fidelities of our scheme can be larger than 99%. Moreover, the manipulation of the NV centers to realize the quantum information procession task has been reported [39] , which provides the possibility for our scheme. Therefore, our scheme is feasible in experiments.
Conclusions
To sum up, a scheme is proposed in the study to deterministically generate hyperentangled cluster states in the polarization DOF and spatial DOF. Compared with previous works [5, 31, 40] , our scheme is very simple and very easy to implement in experiments. Under current experimental conditions, the scheme presents a high fidelity of over 99% and a stronger experimental feasibility. Once utilized, this hybrid system is applicable for constructing a diamond-based quantum network for quantum communication over long distances and with high capacity, such as quantum cryptography, quantum teleportation, as well as quantum superdense coding.
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